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The quantized conductance plateaus and zero conductance fluctuation are the general consequence
of electron transport in chiral edge states of Hermitian Chern insulators. Here we show that the
physics of electron transport through chiral or helical edge channels becomes much richer when
the non-Hermicity is allowed. In the presence of an unbalanced non-Hermicity where the chiral
edge states have finite-lifetime, the conductance of the edge channels is not quantized, but its
conductance fluctuation is zero. For the balanced non-Hermicity, however, the chiral edge states
have infinite-lifetime, and the conductance is quantized as in the case of Hermitian Chern insulators.
Both non-quantized and quantized conductance plateaus of zero conductance fluctuation are robust
against disorders. We present a theory that explains the origin of the non-quantized conductance
plateaus. The physics revealed here should also be true for the chiral and helical surface states
in other topological materials such as quantum anomalous Hall systems, Weyl semimetals, and
topological superconductors.
Introduction.−Searching various topological insulators
[1–9], topological semimetals [10–19], and topological
superconductors [20–26] has attracted enormous atten-
tion in recent years because of their fundamental inter-
est and possible applications of the exotic properties of
topologically-protected surface states. The topological
states can exist not only in the electronic systems, but
also in other classical or quantum systems such as elec-
tromagnetic waves [27–31], mechanical waves [32], and
spin waves [33–42]. The topological band theory [43–45]
is believed to play a crucial role in understanding the
physics of these newly found quantum phases. As a well-
accepted paradigm, the quantized conductance e2/h ob-
served in magnetic doped Chern insulators (CIs), known
as the quantum anomalous Hall effect, is the consequence
of the impurity-immune chiral edge states [46, 47] in Her-
mitian CIs.
The topological band theory is based on the Hermitian
Hamiltonian for closed quantum systems with conserved
particle probability. Strictly speaking, all interesting sys-
tems that one wants to understand and to probe are
not closed. The Hermicity of an open system is univer-
sally lost, and the system always involves certain degrees
of gain and loss. For example, the inevitable electron-
electron, electron-impurity, and electron-photon scatter-
ings in an electronic system lead to complex self-energies
[48–51] of single electron states such that the lifetime of
a single electron state is always finite. Recently, moti-
vated by this consideration, the non-Hermitian topologi-
cal nontrivial systems have been intensively investigated
[52–64]. A generalization of the topological band theory
to the non-Hermitian systems has been done, which high-
lights the breakdown of the general bulk-boundary corre-
spondence [65–67]. While most of the theoretical studies
focused on static properties such as particle spectrum
and wavefunctions, the transport properties of the non-
Hermitian topological states are less studied, although
they are directly measured in experiments.
In this letter, we compute the conductance of a piece of
non-Hermitian CI Hall bar. In the case of a balanced non-
Hermicity, an electron injected into a chiral edge chan-
nel from one electrode will eventually reach the other
electrode without losing its quantum coherence, and the
conductance is quantized to the integer of e2/h, the same
as that of the Hermitian CIs, and robust against disor-
ders. The quantized conductance disappears and dimin-
ishes only in very strong disorders when the edge channels
are completely destroyed by the Anderson localizations.
More interestingly, the conductance of systems with an
unbalanced non-Hermicity is non-quantized due to the
finite-lifetime of a single electron state. In this situation,
conductances vary continuously with the non-Hermicity
and the Hall bar length. We call this phase the anoma-
lous Chern insulators. By adding weak on-site disorders,
the anomalous CI phase is then identified by the non-
quantized conductance plateaus with zero conductance
fluctuation. We develop an effective theory to explain
the appearance of non-quantized conductance plateaus.
The theory explains perfectly the simulation results.
Non-Hermitian Hamiltonian.−We consider the follow-
ing two-dimensional (2D) tight-binding Hamiltonian on
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2a square lattice,
H =
∑
i
[
c†i
(
mσz + i~γ · ~σ + V 1i σ0 + V 2i σz
)
ci
]
−
∑
i
t
2
[
c†i+xˆ (σz + iσx) ci + c
†
i+yˆ (σz + iσy) ci +H.c.
]
,
(1)
where c†i = (c
†
i,↑, c
†
i,↓) and ci are the single electron
creation and annihilation operators on lattice site i =
(xia, yia) with xi and yi being integers and a the lat-
tice constant. m and t > 0 are respectively the Dirac
mass and the hopping energy. ~σ = (σx, σy, σz, σ0) with
σx,y,z being Pauli matrices and σ0 identity matrix, act-
ing on spin (or pseudospin) space. Hamitonian (1)
is Hermitian in the absence of γ-terms, i~γ · ~σ, where
~γ = (γx, γy, γz, γ0) with γx,y,z,0/t being small real num-
bers that measure the degrees of non-Hermicity. This
form of non-Hermicity has been widely used in litera-
ture [38, 52, 56–59, 63, 65–67] and was derived from the
electron-electron, electron-photon, and electron-impurity
interactions [48–51]. Disorders are introduced through
V 1i /t and V
2
i /t that distribute randomly and uniformly
in the range of [−W/2,W/2].
In the clean limit of W = 0, Eq. (1) can be
block-diagonalized in the momentum space as H =∑
k c
†
kh(k)ck with
h(k) = (t sin kx + iγx)σx + (t sin ky + iγy)σy
+(m− t cos kx − t cos ky + iγz)σz + iγ0σ0.
(2)
The Hermitian part of Eq. (2) is the Qi-Wu-Zhang model
[68]. For 0 < |m| < 2t, this model supports the quantum
anomalous Hall phase with chiral edge states that form
a chiral edge channel. The non-Hermicity iγjσj (here
j = x, y), acting on the eigenstates of the Hermitian part,
adds a pre-factor exp[γjxj/t] to the Bloch wavefunction
of the Qi-Wu-Zhang model. (This can be seen either from
the differential equation form of the continuum model of
(2) near k = 0 by replacing kj with −i∂/∂xj or from the
perturbation theory by treating the non-Hermitian part
as the perturbation.) Thus, for finite-size systems with
the open boundary condition, the non-Hermitian poten-
tial causes the Bloch states with well-defined momentum
to exponentially localize at sample boundaries. This no-
table phenomenology is referred as the non-Hermitian
skin effect [66, 67].
Anomalous Chern insulator.−To reveal the electron
transport properties of non-Hermitian CIs, we calculate
the conductance of a rectangle Hall bar of length L and
width M connected to two semi-infinite electrodes at two
ends along the x direction. Electrons in the Hall bar
are govern by Eq. (1) while electrons in the leads are
assumed to be normal free Fermi gas. Thus, the non-
Hermicity exists only in the disordered Hall bar and leads
are Hermitian. The conductance G of the two-terminal
setup is numerically computed by the Landauer-Bu¨ttiker
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FIG. 1: (a,b) g (a) and ∆g (b) vs W for ~γy = (0, γ, 0, 0).
(c,d) Same as (a,b) for ~γz = (0, 0, γ, 0). (e,f) Same as (a,b)
for ~γ0 = (0, 0, 0, γ). The inset in (e) is an enlargement of the
non-quantized conductance plateau. Green line is g = 0.449.
Here γ = 10−3t, L = 400a, and M/a = 80, 120, 160, 200.
formalism [69, 70]. Without losing generality, we con-
sider three different non-Hermicities: ~γy = (0, γ, 0, 0),
~γz = (0, 0, γ, 0), and ~γ0 = (0, 0, 0, γ) [71]. We will show
below that the first two non-Hermicities are fundamen-
tally different from that of the last case.
The dimensionless conductance g = 〈G〉/(e2/h)
and the conductance fluctuation ∆g =√〈G2〉 − 〈G〉2/(e2/h), where 〈· · · 〉 denotes the en-
semble average, are calculated by varying the disorder
strength W and the system width M . We fix the Dirac
mass m = t and the Fermi energy E = −0.01t to focus
on the edge channel transport [72]. Figure 1 shows g
(each point is averaged over more than 6000 different
configurations) and ∆g as a function of W for ~γy, ~γz,
and ~γ0 with γ = 10
−3t and L = 400a. For the first two
cases (~γy and ~γz), we observed the width-independent
quantized plateaus exactly at g = 1 and the vanishing
conductance fluctuations ∆g = 0 as long as W is below a
critical value Wc, see Figs. 1(a-d). The calculated results
of the non-Hermitian CIs thus accord quantitatively
with the expectation for Hermitian CIs: g is quantized at
1 within a certain range of disorder (W < Wc). Beyond
3Wc (W > Wc), g is not quantized and ∆g is non-zero
until all conducting channels disappear and g becomes
zero. The quantized conductance plateau is a direct con-
sequence of the existence of the backscattering-immune
edge channels.
Another more striking result is the non-quantized con-
ductance plateaus (insensitive to disorder) in the case
of ~γ0. As a representative example, Fig. 1(e) shows
a non-quantized conductance plateau of g = 0.449 for
γ = 10−3t and various M range from 80a to 200a. For
W < Wc = t, the non-quantized conductance plateaus
do not show any conductance fluctuation, as shown in
Fig. 1(f). Interestingly, the value of the non-quantized
conductance depends neither on the width of the bar nor
on disorder W < Wc = t, a behavior which, together
with the emergence of the conductance plateaus, is rem-
iniscent of the chiral edge channel transport in Hermi-
tian CIs. However, one cannot simply tie our results to
the non-Hermitian topological band theory [65–67] that
claims generalized Chern numbers for non-Hermitian CIs,
in contrast to non-quantized g plateaus observed here.
We thus name the state as the anomalous Chern insula-
tors that can have an arbitrary value of conductance with
zero conductance fluctuation. This is highly non-trivial
because the fluctuation is an intrinsic nature of quantum
physics under the orthodox statistical interpretation of
quantum mechanics. The only case of a zero conduc-
tance fluctuation is the single 1D-unidirectional channel
including the quantum Hall systems that ties conduc-
tance quantization with zero conductance fluctuation.
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FIG. 2: g vs γ for ~γy (black), ~γz (red), and ~γ0 (blue). For each
non-Hermicity, the system lengths are L/a = 400 (triangles),
200 (squares), and 100 (circles). Green lines are Eq. (10) with-
out any fitting parameter. Inset: g (blue stars from numerical
calculations and the green line is Eq. (10)) as a function of L
for ~γ0 with γ = 10
−3t. Here M = 80a and W = 0.5t.
To further reveal the nature of this anomalous CI
phase, we investigate how g depends on the bar length L
and the non-Hermicity strength γ. Figure 2 shows g(γ, L)
for ~γy, ~γz, and ~γ0 at a fixed randomness W = 0.5t < Wc
and sample width M = 80a. Clearly, the quantized con-
ductance plateaus is independent to L and γ for the cases
of ~γy and ~γz. However, for the cases of ~γ0 where the
anomalous CI phase is observed, an exponential decay of
the conductance with both L and γ, g = exp[−cγL], is
observed for either fixed γ or fixed L as shown in Fig. 2
and its inset. Here c is a constant derived later. Again,
zero conductance fluctuations always accompany with
the conductance plateaus, see the Supplemental Mate-
rials [73].
Origins of anomalous CI.−One crucial question arises
immediately: Why are the non-quantized conductance
plateaus of zero fluctuation possible in the anomalous
CI phase? From the standard topological band theory
[8], the chiral edge state of Hamiltonian (2) is the lin-
ear superposition of both spin-up and spin-down orbits
with the equal weight. For the quantized conductance
with the non-Hermicity of ~γy or ~γz, the gain and loss
of the two obits compensate with each other. Thus, the
local electron density in the chiral edge channel is over
all conserved (real eigenenergies in the edge channel dis-
cussed below and Fig. 3). As a result, each edge channel
contributes one conductance quanta, leading to a quan-
tized conductance plateau as a Hermitian edge channel
does. For the case of ~γ0, both spin-up and spin-down
orbits decay, thus an electron in the chiral channel has
a finite-lifetime (complex eigenenergies in the channel),
and electron density in the edge channel decays, leading
to a non-quantized conductance plateau whose value de-
creases exponentially with the length of the Hall bar, but
does not depend on the bar width.
To obtain an explicit expression that can be compared
with the numerical results, we use the linear response the-
ory [74] to derive the electron conductance in a decayed
chiral edge channel. In the two-terminal configuration
without disorder, the current In,k of a transverse mode
(label by n) with momentum kx = k is given by
In,k = ρn,kv
g
n,kf(Re [En])T (En), (3)
where ρn,k is the electron charge density, T (En) is the
transmission coefficient of state En, f and v are respec-
tively the Fermi-Dirac distribution and the group veloc-
ity. En(k) is the energy dispersion relation of the trans-
verse mode. We assume the reflectionless contacts so
that +k electrons in the edge channel come from the left
lead and the −k electrons from the right lead with chem-
ical potentials of µ1 and µ2, respectively. In the linear
response region, we set |µ2|, |µ1| < ∆ so that no bulk
states contribute to the conductance, where 2∆ is the
bulk gap, as shown in Fig. 3(a). At the zero tempera-
ture, f1,2(Re [En]) = θ(µ1,2−Re [En]) for the +k and the
−k states, respectively. Here θ(x) is the Heaviside step
function.
Since the non-Hermitian Hamiltonian (1) breaks the
parity-time-reversal symmetry [75], the energies of eigen-
4modes are complex, see Fig. 3. The dispersion relation
of the real part relates to the electron group velocity
and imaginary part is the lifetime of the electrons in the
modes so that the particle density in the non-Hermitian
CIs is
ρn,k =
e
L
exp
[
−4piIm [En]
h
τn,k
]
, (4)
where e and h are respectively the electron charge and
the Plank constant. τn,k = L/v
g
n,k is the travel time for
an electron through the Hall bar from one lead to the
other. h/(4piIm [En]) is the single electron lifetime in
state (n, k). In general, the non-Hermicity adds a cor-
rection to the Hellmann-Feynman theorem such that the
group velocity differs from that of the Hermitian system
as discussed in References [76, 77]. However, for the con-
stant non-Hermicity considered here, the group velocity
is
vgn,k =
2pi
h
dRe [En]
dk
, (5)
providing that γ  t [73].
Using Eqs. (3), (4), and (5), the net current flowing
from one lead to the other is [73]
I =
e
h
(e[−2Im[+]L/(ta)]µ1 − e[−2Im[−]L/(ta)]µ2)
+(I+bulk − I−bulk).
(6)
The first term is the contribution from the edge channels
where ± denote the edge-state energy for k > 0 and
k < 0, respectively. The second term is the currents to
the right (+) and to the left (-) due to bulk states,
I
+(−)
bulk =∑
bulk
∑
k>0(k<0)
2pie
hL
exp
[
−4piIm [En]L
hvgnk
]
dRe [En]
dk
T (En).
(7)
The dimensionless conductances g can then be derived
from Eq. (6) for both balanced non-Hermicities of ~γy and
~γz and unbalanced non-Hermicity of ~γ0.
For balanced non-Hermicities, as shown in Figs. 3(a-
d), both Re[En] and Im[En] of bulk eigenenergies are the
even functions of k,
Re[En(k)] = Re[En(−k)], (8)
and
Im[En(k)] = Im[En(−k)], (9)
such that the bulk currents I+bulk and I
−
bulk cancel each
other. On the other hand, the eigenenergies of the chiral
edge states are real (Im[(k)] = 0) [73] so that the elec-
trons in chiral edge states are conserved, and the conduc-
tance is always quantized.
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FIG. 3: Bulk spectra of the clean Hall bar of width M = 20a.
The chemical potentials of the +k electrons and −k electrons
are µ1 and µ2, respectively. (a) Re[E/t] for ~γy with γ = 0.1t.
(b) Im[E/t] for Re[E] < 0 with the same parameters as (a).
(c,d) Same as (a,b) but for ~γz. (e,f) Same as (a,b) but for ~γ0.
Colors encode 〈y〉/M .
For unbalanced non-Hermicities, there exists an
anomalous CI phase whose bulk eigenenergies also sat-
isfy Eqs. (8) and (9), as shown in Figs. 3(e,f). Thus, the
bulk states do not contribute any net current. Different
from the balanced non-Hermicity case, the eigenenegies
of the edge chiral states are not real any more. The
imaginary part Im[(k)] = γ destroys the electron con-
servation and leads to a non-quantized conductance that
decays exponentially with L and γ [73]:
g = exp[−2γL/(ta)]. (10)
Indeed, our analytical formula Eq. (10) accords very well
with the simulation results without any fitting parame-
ter, see Fig. 2.
To understand zero ∆g, we recall origin of the univer-
sal conductance fluctuation in ordinary disordered metals
governed by the Hermitian Hamiltonian. The fluctuation
is from the random opening and closing of a conducting
channel as disorder configurations vary due to inevitable
diffusion of defects and impurities at the finite temper-
ature. Each conducting channel contributes exactly one
quantum conductance of e2/h no matter what its dis-
persion relation is in the channel [78]. Thus there is no
conductance fluctuation in the one-dimensional conduc-
tion channel, and this explains conductance plateaus in
quantum Hall systems as well as quantum point contacts
5in ballistic region. Our results suggest that zero conduc-
tance fluctuation is also true for non-Hermitian conduct-
ing channels. Disorders may modify electron dispersion
relation in a channel, but will not introduce an uncer-
tainty into the conductance even though the conductance
is not quantized, as long as the number of edge channels
(1 here) does not change in the presence of moderate dis-
order [W < Wc as shown in Fig. 1(f)]. Interestingly, the
conductance will eventually go to zero as W increases
further beyond Wc, indicating the anomalous CI will be
destroyed by strong disorders. The critical disorder Wc
can be determined by applying the self-consistent Born
approximation to the non-Hermitian CI [73].
We would like to make a few remarks before the conclu-
sion. (1) The edge state conductance and conductance
fluctuation reported here for both balanced and unbal-
anced non-Hermicities should be generically applicable
to edge states in non-Hermitian topological semimetals.
(2) In this study, the randomness is introduced through
the Hermitian on-site potential. If the randomness is on
the non-Hermicity coefficient γ, we observe that the con-
ductance fluctuation would not be zero any more in the
anomalous CI phase [73], and the non-quantized conduc-
tance plateau would not be perfect as observed here.
In conclusion, it is shown that the conductance of chi-
ral edges states of non-Hermitian Chern insulators can be
quantized (to the integer of e2/h) or non-quantized, de-
pending on whether the non-Hermicities are balanced or
unbalanced. However, the conductance in both cases is
insensitive to Hermitian disorder potential, leading to the
zero conductance fluctuation and conductance plateaus
against disorders and the sample width. The conduc-
tance plateaus can be destroyed by strong disorders above
a critical value Wc through Anderson localization. The
non-quantization of conductance is due to the finite life-
time of chiral edge states in non-Hermitian CIs.
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